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Abstract—This paper focuses on the dynamics of a multiple manipulator space free-flying robot
(SFFR) with rigid links and issues relevant to the development of appropriate control algorithms. To
develop an explicit dynamics model of such complex systems, the Lagrangian formulationis applied.
First, the system kinetic energy is derived based on a developed kinematics approach. Then, through
vigorous mathematical analyses, three formats are obtained which describe the contribution of each
term of kinetic energy to the equations of motion. Next, explicit derivations of a system’s mass
matrix, and of the vectors of non-linear velocity terms and generalized forces are introduced for the
first time. The obtained dynamics model is very useful for dynamics analyses, design and development
of control algorithms for such complex systems. The explicit SFFR dynamics can be implemented
either numerically or symbolically. Following the latter approach, the developed symbolic code for
dynamics modeling, i.e. SPACEMAPLE, and its verification procedure are described, and issues
relevant to the development and computation of dynamics models in control algorithms are briefly
discussed. Specific dynamic characteristicsof SFFRs compared to fixed-base manipulators are pointed
out.
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1. INTRODUCTION

Space free-flying robots (SFFR) are space systems that include an actuated satellite
base equipped with one or more manipulators. An SFFR whose base actuators
are inactive is called a free-floating space robot. Distinct from fixed-based
manipulators, the spacecraft (base) of a SFFR responds to dynamic reaction forces
due to manipulator motions. In order to control such a system, it is essential to
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consider the dynamic coupling between the manipulators and the base [7-9]. To
this end, one should first derive a proper dynamics model for the system, which is
to be elaborated in this paper.

Vafa and Dubowsky [1] have described the kinematics and conservation dynam-
ics of a free-floating space manipulator system, using the Virtual Manipulator Ap-
proach. No external forces act on the system and so the system center of mass is
fixed in inertial space, enabling them to represent a free-floating system by one with
a virtual fixed base. Papadopoulos and Dubowsky [2] have employed a barycen-
tric vector approach, to study kinematics and dynamics of a single-arm SFFR in
free-floating mode. Taking the center of mass of the whole system as a repre-
sentative point for the translational motion and using barycentric vectors, which
reflect both geometric configuration and mass distribution of the system, results
in decoupling the total linear and angular motion from the rest of the equations.
This approach was also applied by Papadopoulos and Moosavian [3] to obtain the
dynamics and to control a multiple-arm SFFR in free-flying mode. Umetani and
Yoshida [4] have presented a Generalized Jacobian Matrix for a free-floating sys-
tem. Assuming that no external forces are applied on a rigid robotic system with
revolute joints, they derive a generalized Jacobian matrix which reflects both mo-
mentum conservation laws and kinematic relations. The proposed generalized Jaco-
bian matrix converges to the conventional Jacobian when the base body is relatively
massive.

Nakamura et al. [5] have studied the mechanics of coordinated object manip-
ulation by multiple robotic arms, taking the object dynamics into consideration.
Moosavian and Papadopoulos [6] have developed free-flyer kinematics based on
the direct path method and compared that to the barycentric vector approach. Their
analysis showed that the direct path method results in equations with simpler terms,
and requires significantly less computations for position and velocity analyses.
Therefore, it emerges as a more appropriate approach for dynamics modeling of
multiple-arm systems, which is studied in this paper.

The focus of this paper is on the dynamics of a multiple-manipulator SFFR
based on the direct path kinematics approach. Derivation of the equations of
motion results in an explicit derivations of the system’s mass matrix, and of the
vectors of non-linear velocity terms and generalized forces. Unlike with recursive
dynamics formulations, the obtained dynamics model is very useful for dynamics
analyses, design studies and the development of control algorithms for SFFRs.
The obtained explicit dynamics model of a multiple-manipulator SFFR, published
for the first time here, can be implemented either numerically or symbolically.
The latter approach was followed, and the developed symbolic code for dynamics
modeling, i.e. SPACEMAPLE, and its verification procedure are described here.
Dynamics issues important in the development of appropriate control algorithms
are also discussed. Specific dynamic characteristics of SFFRs compared to fixed-
base manipulators are discussed before concluding the paper.
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2. LAGRANGIAN FORMULATION

Since a typical maneuver of a SFFR is of relatively short length and duration,
microgravity and dynamic effects due to orbital mechanics are negligible compared
to control forces. Therefore, the motion of the system is considered with respect
to an in-orbit inertial frame of reference (XYZ), and the system potential energy is
taken equal to zero. The general Lagrangian formulation for such system yields:

aT aT
S5) - (5 ) =0 izt 1)
dr \ 9¢; 0q;

where T is the system kinetic energy, N is the system d.o.f., and ¢;, ¢; and Q;
are the ith element of the vector of generalized coordinates, generalized speeds and
generalized forces, respectively. To apply (1), and obtain dynamics equations, first
the system kinetic energy, 7', has to be derived. This can be written as:

1 . .
:_/RP'RPdMa (2)
2J)m

where M defines the system distributed mass and Rp is velocity of an arbitrary
point P, which can be evaluated based on the direct path kinematics approach
for multiple manipulator SFFR with rigid elements, developed in Moosavian and
Papadopoulos [6] as:

P € Base: Rf,,o) =Re, +®0 X Ip/cys (3a)
P e Link{™: R = Rc0 + @ x 1"

+ Zw(m) « (m> _ l/(cm)) — wl.(m) X (l;m) — rp/c.("”)’ (3b)

where R¢, describes the spacecraft center of mass velocity, r,/c, describes the
position of P with respect to the spacecraft center of mass, vectors IEm), rl§m> and
so on are body-fixed vectors which describe the position of joints i and i + 1 with
respect to C;, as seen in Fig. 1, and wo and co,({m) are the angular velocity of the
spacecraft and of the kth link of the mth manipulator, respectively. For single d.o.f.

joints, the angular velocity of an individual body can be obtained as:

m m m M—l n
wi)—w+Z0“f){k_1 N )

™ is a unit vector along the axis of rotation of the ith joint of the mth

where z;
manipulator, and éi(m) is the corresponding joint angle rate.
Substitution of (3) for Rp into (2) yields:

1 . . . .
= E/ (l(c0 +rC,- + w; X rp/C,-) : (l(c0 +rC,- + w; X rp/C,-)dMa (5)
M
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Figure 1. A SFFR system with n manipulators.
which can be simplified to obtain:
T :T0+T1 + 1>, (621)
with:
1 . .
Ty = EM(RCO -Rg,), (6b)

n N,
1 m
T ==1@- 1o wo+ mME M g ™ } 6¢
! 2{ 0" %0 0 ZZ( i C; C; i i i ) ( )

m=1 i=1

T, = Re, ( Zm“’” <’”>>, (6d)

=1 i=I
and rC ™ describes the velocity of C; which can be obtained as:

. m=1,...,n
rg;) = wo x 1y + E o x (e —1I") — ™ x 1™ {i _ 1 v (60)
=1,....Ny.

Note that expressions for T are in terms of invariant body-fixed vectors and
appropriate transformation matrices for each term must be employed to do the
required differentiations in (1).
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The vector of generalized coordinates is chosen here as:

q=(R7,.8.07)", (7a)
which can be arranged as:
T
T T n T
q:<q(0)’q(1)"”’q())’ (7b)
where:
T
q© = (REO, &), (7¢)
with §p being the spacecraft Euler angles and 0i(m) i =1,...,N,) describes the

mth manipulator joint angles. Instead of corresponding Euler angles, the system dy-
namics can be formulated on the basis of choosing Euler parameters for orientation
representation, Hughes [17]. This selection introduces algebraic constraints to the
system, and the Natural Orthogonal Complement Method as presented in Saha and
Angeles [18], can be applied to obtain independent system of equations of motion.
Using (6) and applying the general Lagrangian formulation, (1), the equations of
motion are obtained as:

H(8, )4 + C(80, 60,60, 60) = Q(S0, 0), 8)

where the vector of generalized coordinates q has been already defined in (7), C is
an N x 1 vector which contains all the non-linear velocity terms (in a microgravity
environment), and Q is the N x 1 vector of generalized forces (N = K + 6) given
by:

Q- {06><1 }JrZJOPFOpJFZiZJ(m)TF%)’ ©)

m=1 i=1 p=1

Fo,, is the pth external force/moment applied on the spacecraft, Fl(”;,) is the pth
external force/moment applied on the ith body of the mth manipulator, i is the
number of applied forces/moments on the corresponding body and J l(”;,) is a Jacobian
matrix corresponding to the point of force/moment application. Note that (9) can
be obtained based on the definition of generalized forces. This equation can be
rearranged so that actuator forces/torques are displayed explicitly. If all external
forces except the ones applied on the spacecraft are zero, Q can be written as:

Ofg
Q=1Jo 3 ’n , (10)
TKx1

where °f; and ’n; are the net force and moment applied on the spacecraft, and Jo is
an N x N Jacobian matrix. For a well designed system, Jo remains non-singular,
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i.e. any required Q can be produced by the system’s actuators. Next, to obtain an
explicit dynamics model of multiple manipulator SFFR, mathematical analyses are
presented to help in calculating the mass matrix, the vector of non-linear velocity
terms and the generalized forces.

3. MATHEMATICAL PRELIMINARIES

The system kinetic energy [as expressed in (6)], regardless of body specifications,
is composed of three typical terms:

— —mr - T, 11
a 2mr r (11a)
1
aH=-w-1 w, (11b)
2
=R, - Y myiy. (11c)
k

So, to differentiate the system kinetic energy according to (1), such terms have
to be differentiated. Therefore, preliminary calculations in differentiation of these
terms are presented in this section, resulting in three formats which describe the
contribution of each term to the equations of motion. These formats, obtained in
the Appendix, will be used in deriving the system dynamics model in the following
section.

Differentiation of the first term, (11a), yields:

d <8a1) da; |: or or ar Or ]
dr \ 9¢; 9gi dg; 0qi dq; Oqy

N N
or 9%r or
+ | m— E q's e — E q.
|: 9gi <s=1 9g594; ) 9gi < =1 an >i|

(12)

which describes format-1I, defined as the contribution of the first typical term to
the equations of motion. Note that r is differentiated in the inertial frame (see the
Appendix).

Differentiation of the second term, (11b), yields:

d [ day da, ow ow ow ow |.
dr \ 9¢; 9q; - -

’w . dw
+w-1- 7 q—co-I-—_, (13)
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which describes format-I1. Note that w is differentiated in the body frame.
Similarly, considering (11c), we can obtain:

d 8613 8613 BRCO al‘k 8RCO al‘k ]
dr(aqy-) [ 2 2 [d

dg; L 9gq: P 991 9g; -
oR 0 oR 0
SRS
8@1 k BQI GQN A aq,
aR M9t IR
+ —% . ka Z k Qs e o
dq;i “— 99194, 9g;
al a°r,
k
X k qs | (4
N N
azRC ark 82RC
+ — 'S . My = 0 'S
[(; 8‘118qu ) Xk: “q; (Xz; anaqsq
ory |.
X mg—\q, (14)
A 9gi

which describes format-II1.

Next, to obtain the system dynamics model key matrices, the original terms in the
system kinetic energy as obtained in (6) are substituted into the corresponding for-
mat. Then, following the structure of dynamics model presented in (8), appropriate
terms are collected together.

4. EXPLICIT DYNAMICS MODEL
4.1. Mass matrix

To obtain the mass matrix H, according to (8), the acceleration terms in each of the
three formats have to be considered. Therefore, H;; is computed by:

e Substituting each term of the system kinetic energy into the corresponding
format.

e Finding the coefficients of q in each format.

e Adding the results, obtained from the three formats, for each term.

e Adding the results, obtained for all of the terms.

Disregarding the details, this procedure eventually yields:
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dRc. OR 99 99
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dg;  0gq; 0g; 9q;

ar(m) ar(m) ka(!)(m) kaw(m)
(m) Ck (m)
15 3) 3 (TR RS
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where w ) is given by (4) and r ) can be substituted from (see Fig. 1):

<m> m) <m> <m> my |m=1 ,h
=" +Z — 1) — 1 LZLW’N’”' (16)

The notation employed here is consistent to Kane and Levinson [10], i.e. a left
superscript on partial derivatives refers to the frame in which the differentiation has
to be taken, whereas for the inertial frame it is left as blank.

4.2. Vector of non-linear terms

The vector of non-linear velocity terms in (8) can be computed by dropping the
acceleration terms in each of the obtained formats. So, C; is computed following
the same procedure as described for computation of the H;;, by considering the
coefficients of ¢ and any other term (except those which correspond to ) in each
format. This approach yields:

C(80, 80,0, 0) = C1(80, 8, 0,0)q + C2(80, 80,0, 0), (172)

where:

n Ny (m) N 2_.(m)
or o°r,
(m) Ck Ck .
+ E . E — s
(m) (m) (m)
kawk L )y | 0@y )

+ + o1
3G F dgq; LR 8G9

(17b)
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and:

n_ Nu kg g™
m m ®
C2i = — (a)o I - E E ( ) I( ) #) . (17C)
m=1 k=1 !

l

Note that expressing the angular velocity as a function of the Euler rates, vector
C, can be combined with the first term of (17a). Then, the vector of non-linear
velocity terms can be written as:

C(5, 8, 0, 0) = C(S, 8o, 0, 0)q. (18)

This is a representation of non-linear velocity terms which is preferred in the
development of adaptive control algorithms.

4.3. Vector of generalized forces

As described in (10), if all external forces except the ones applied on the spacecraft
are zero, the vector of generalized forces Q is written as:

e 0 Of,
Q=1Jy 1 'n :{ 6“}+Jg{05}. (19)

TK x1 g
Tk x1

Assuming that °f; and “n, are applied at the spacecraft center of mass, Jo is defined
as:

OR )
{ 0 wOC“ } = Joq. (20a)

Then, Jo can be obtained as:

Ty 033 03x3 ]
= , 20b
Jo |:03><3 So Osxk g, (20b)

where S¢(dp) is a 3 x 3 matrix, see Meirovitch [11], relating the spacecraft angular
velocity to the corresponding Euler rates as:

0(0() = S()((S())S(). (ZOC)
Therefore, J is obtained as:

Ty 03,3  O3xk
Jo=1|0s3 S} 03 , (21)

0K><3 0K><3 1K><K NxN

which can be substituted into (19) to obtain Q. This completes the derivation
of the dynamics model for a multiple-arm SFFR with rigid elements. Note that
computation of the obtained dynamics equations can be done either by numerical
or symbolical programming tools. Obtaining the system response using analytical
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expressions was employed in developing SPACEMAPLE and is discussed later in
this paper.

5. DYNAMICS SPECIFICATIONS IN SPACE

Unlike fixed-base manipulators, in space robotic systems any motion of a single link
creates a reactional motion of the whole system. In free-floating mode, where no
external force is applied on the system, the motion is dynamically constrained, i.e.
total linear and angular momentum of the system is conserved. Also, the Jacobian
matrix as obtained in Moosavian and Papadopoulos [6] becomes mass dependent. In
other words, the inertial linear velocity of an arbitrary point P and angular velocity
of the corresponding body is affected by the mass distribution over the entire system.
Surprisingly, this correlation between arms and the free base also affects the relative
motion of the end-effector with respect to the base. This is due to the fact that joint
angles and rates are dynamically coupled, even though the relative motion can be
expressed in terms of a fixed-base-type Jacobian. To observe specific characteristics
of space robotic systems, in a more vigorous investigation, elements of the dynamics
model for a fixed-base manipulator can be compared to those of a space robotic
system as follows.

For a fixed-base serial manipulator, as shown in Asada and Slotine [12], the mass
matrix H, and the vector of non-linear velocity terms C, can be obtained as:

H=— Z(m“](l) (z)+J(l)TOICM J(i)), (22)

N N
Z Z mMijkqed; (22b)

j=1 k=1
where:
39 = L([ozl]xoplml_) . <[Ozi]X0PiCMi)03X1 ...03X1J3 . (23a)
IO =21 2051+ 01 |5 s (23b)
OH; 10H;
ijk = - _—, 23
Mijk gk 2 dg; (23¢)
and:
Pl ="T,('PL,,). (23d)

. s s CM; . ., . . . .
m; is the ith link mass, °I;"" is its inertia matrix with respect to the center of mass
expressed in the fixed frame, °z; is a unit vector along the ith joint axis expressed in
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the fixed frame, / PJCM,- is the position vector of the ith center of mass with respect
to the origin of the jth frame as seen in that frame, and °T; is the rotation matrix
between the jth frame and the fixed one. It can be shown that the obtained H;; and
C; for a fixed-base manipulator are functions of specific set of mass parameters as:

Hij = hij(i, ..., my)hi; 01, ..., 0y) k= max(, j), (24a)
Ci= fiGii, ....my)f{(O1,....0n5. 01, ..., 08), (24b)
where h;;, hj;, fi, and f] are functions of the given arguments, ri; denotes ith

link mass properties (both mass and inertia), and 6; is the ith joint variable. As
it is seen, mass properties have a backward propagation effect on the dynamics
model. In other words, mass properties of link ‘i’ do not appear in the H elements
which correspond to posterior joint variables, i.e. i + 1, ..., N. For instance, mass
properties of the first link only appear in H;; and C;. On the contrary, for space
manipulators in the free-floating mode, this is no longer true and every element
of the dynamics model is affected by mass properties of all links. Therefore, any
deviation in the estimation of mass parameters has a more drastic effect on the
performance of model-based control algorithms in space. This makes dynamics
modeling of such systems a very important stage for the development of appropriate
control algorithms in space.

6. GENERATION OF THE SYMBOLIC CODE: SPACEMAPLE

As mentioned earlier, computation of the obtained dynamics equations can be
done either numerically or symbolically. The latter is chosen here to develop a
symbolic code called SPACEMAPLE. However, to compare the two programming
approaches, the required steps in numerical computation of the obtained dynamics
is first reviewed. To this end, the preparation of few sample terms, i.e. kaw,ﬁ’“ /0q;
and * aw,ﬁ’” /9q;, for numerical computation is discussed. In a similar way, other
terms in H;;, C; and Jp can be obtained, and programmed in the corresponding
environment.

First, preliminary calculations for numerical computer programming of
k aw,i’” /dq; and ¥ aw,ﬁ’” /04q; is presented. Following the arrangement of (7) for the
vector of generalized coordinates, the angular velocity of the kth link of the mth
manipulator expressed in its own body-fixed frame, kw,((m), can be obtained as:

T T T o
kwl(cm) _ kflTI(cm) kuTI(:i)l . OTim) Sodo

k—1

k=1 k=2 (mT s (m)T f (m): A (m)k (m)

+ (TR T ) 6, (25)
s=1
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where Sy has been already defined in (20c), ’”T;m) is rotation matrix between the
ith body-fixed frame and the previous frame, and 'z = (0,0, 1) is a unit vector
along axis of rotation of the ith joint of the mth manipulator expressed in its own

body-fixed frame. Therefore, one obtains:

s, ifp=0
kaﬁ)/({m) 0 if(p#0andp #m)
—o =S if (p=mandi < k) (26)
9q; 0 if(p=mandi > k)

s; if(p=mandi =k),
where:

8o, (27a)

T T

i —1p(m)T
k—=1ra(m)T iy (0T i —2m(m)T opmTo ¢
S = Tkm "'lTiTI <T(ml> l T,-Z T1m Sodo

1

i—1 i—1m(m)T
m)T i (m)T 0 Ti i— m)T s 4 (m) 5. (m
+3 (le,i> TR i (W) T ST 6 >>, (27b)
i q;

8k71T(m)T . .
83 = ——=—" 21" 0T S 0d
9gy
k—1 T
8k71T(m) B T e T A () 5 m

+ Z(—(nf) k=2l T g sy >). (27¢)

s=1 8qk
Similarly, we can obtain:
st ifp=0

k9 g™ 0 if(p#0andp #m)

—= =18} if(p=mandi <k 28)
9g; 0 if(p=mandi>k)

s; if(p=mandi =k),

where:
* k*lT(m)T k72T(m)T OT(m)TS 880 29
S = k N Ok (29a)
i
k=1 k—2pn(m)T i) i (m)
s;=""T, Ty - 'Tihy 'z (29b)

st =k, (29¢)
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Note that Sy is a function of & and "~'T" is just a function of q"’. There-

fore, aifngm)T/ 3g™, 980/9q" and 880/9¢'” can be calculated analytically, and
substituted into (27) and (29). Other terms in H;;, C; and Jp can also be calcu-
lated in a similar way. The obtained results can then be programmed in a numerical
environment, to quantify the system dynamics.

Although numerical derivation seems a cumbersome procedure, it would be the
only choice if symbolical programming tools were not available. Note that for
the numerical development of the dynamic properties of mechanical manipulators,
existing recursive algorithms can be followed. To solve direct dynamics, these
algorithms utilize iterative routines for inverse dynamics, and joint forces and
torques inputs. For instance, a computer code has been developed and employed
for a dynamical study of the first element launch (FEL) configuration of the Space
Station Freedom by Grewal and Modi [13]. Similarly, Anderson and Duan [14]
have implemented parallel computational algorithms for dynamics of multiple
rigid-body systems. For further details, one can see a comparison of different
methods for developing the dynamics of rigid-body systems presented by Ju and
Mansour [15]. Here, our focus is on the computation of the explicit dynamics
model based on Lagrange formulation. However, by means of symbolical tools,
each term can be analytically calculated in a computer program. For instance,
(25) can be directly programmed to represent kw,((m). Then, akw,@ /9q; and

akw,@ /9g; will be analytically calculated in a single step, rather than going through
different options in (26) and (28). Furthermore, using mathematical identities
and factorization techniques, the result can be simplified to reduce the resulting
analytical expressions.

According to the above reasons, derivation of the developed dynamics equations
of motion has been programmed in a symbolic environment (MAPLE) for a
multiple-manipulator SFFR with rigid elements in a general configuration. The
code (SPACEMAPLE) yields the mass matrix H, the vector of non-linear velocity
terms C, the Jacobian matrix Jo used in describing the vector of generalized
forces, the Jacobian matrix J. which describes the task space (employed in different
control algorithms) and its time derivative J., each one as an analytical function of
generalized coordinates/speeds.

The program, as depicted in Fig. 2, is initiated by determining the system general
configuration, i.e. number of manipulators/appendages, number of links for each
one, and d.o.f. for the spacecraft (i.e. 3 for planar motions or 6 for three-dimensional
maneuvers). Then, mass properties and geometric parameters for each element
of the system are specified. These parameters can be substituted by numerical
quantities or left as parameters. The latter results in longer expressions, while
the first one yields more concise results, particularly when some components of
geometric vectors or inertia matrices are zero. In fact, in most studies the dynamics
has to be modeled for a specific system, and then employed in simulation and control
investigations. Usually, for these investigations, the simulation routine has to be run
tens of times. Therefore, it is preferable to substitute the system parameters by their
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Step 1. Input: Determining the system general
configuration, 1. e. number of arms, links,
generalized coordinates and the related geometry,
mass properties of all components, positions of
applied forces/torques on the spacecraft and links,

v

Step I1. Preliminary calculations: Transformation
matrices for each link, rotation matrix between
global and Euler coordinates of spacecraft, ...

v

Step III. Kinematics calculations: center of mass
position vectors and velocities of all links,
absolute angular velocity of all links, different
Jacobian matrices Egs. (20-21), ...

v

Step IV. Differentiations: Calculation of partial
derivatives in Eqgs. (15, 17, ...).

v

Step V. Final calculations: Determining H-Matrix
using Eq. (15), C-Vector using Eq. (17),
Generalized forces using Eq. (19).

v

Step VI. Obtaining Dynamics Equations of the
multiple manipulators Free-Flying Robot/ Mobile
Robotic System: Using Hg+C,q+C, =Q -

Figure 2. Basic steps of SPACEMAPLE.

values at the very beginning and make it more concise. The cost is just running
SPACEMAPLE once some changes in the system parameters have to be made.

To simplify the obtained analytical expressions, at each intermediate step, mathe-
matical tools and factorization techniques available in MAPLE are used. The result
of this fairly refined code is an analytical dynamics model of any specified multiple
manipulator SFFR with rigid elements in terms of generalized coordinates/speeds.
The resulting models were used in simulation and control investigations, as pre-

sented in Moosavian and Rastegari [16].
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Table 1.
Typical results of verification procedure for SPACEMAPLE
Row C H
First Second Third Fourth Fourteenth
column column column column column
1 —0.13E—14 0.0 0.0 0.0 0.11E—13 0.0
2 0.18E—14 0.0 0.0 0.0 0.71E—14 0.0
3 —0.47E—14 0.0 0.0 0.0 0.0 0.0
4 —0.27E—14 0.11E—13 0.71E—14 0.0 0.14E—13 0.56E—16
5 —0.27E—14 0.18E—14 0.0 —0.14E—13 0.18E—14 0.28E—16
6 0.18E—14 0.10E—14 —0.18E—14 0.0 —0.36E—14 0.0
7 0.0 0.0 —0.78E—15 0.0 —0.18E—14 0.0
8 —044E—-15 —0.83E—15 0.36E—14 —0.67E—15 0.36E—14 0.0
9 0.0 —0.67E—15 0.44E—15 —0.22E—15 0.0 0.0
10 —0.13E—14 0.11E—14 0.89E—15 —0.89E—15 0.18E—14 0.0
11 0.17E—15 0.0 —0.18E—14 —044E—15 —0.38E—14 0.0
12 0.39E—15 0.0 —0.39E—15 0.11IE—15 —0.78E—15 0.0
13 0.28E—16 0.0 0.0 0.0 —0.28E—16 —0.69E—17
14 —0.35E—16 0.0 0.0 0.0 0.56E—16 0.28E—16

Undoubtedly, before using the obtained models via SPACEMAPLE the code had
to be verified, which was performed in a vigorous way. In brief, SPACEMAPLE
was used for fixed-base systems which represent limiting cases of space robotic
systems (letting spacecraft mass go to infinity). The output results were verified
by comparisons to those obtained by hand calculations. However, since in these
limiting cases most of the terms in the dynamics equations vanish, the model must
be verified also in a general case, i.e. for a multiple-manipulator space robotic
system. This was done by developing another simpler code at a very fundamental
level, and comparing the numerical results of the two for a large number of cases
in different systems and configurations. The simpler code computes the system
kinetic energy, using (6), and substitutes the result directly into the equations of
motion, (1). Obviously, such code yields very long equations of motion, compared
to the very compact ones of SPACEMAPLE. However, the simplicity of this code
makes it fairly reliable, so that it can be employed as a yardstick for the verification
procedure. In fact, this was a very helpful approach in identifying minor mistakes
at various levels and verifying SPACEMAPLE at the end.

Table 1 shows typical results of this verification procedure for SPACEMAPLE,i.e.
the difference between obtained results of SPACEMAPLE and those of the simple
code, for a 14-d.o.f. space robotic system (with three manipulators/appendages)
shown in Fig. 3. As it is seen, the differences between obtained vectors of non-
linear velocity terms (C) and a few sample columns of two mass matrices (H)
are zero, either exactly or approximately (order of 10~'* and lower which are
due to truncations). Although these results correspond to a single random set of
generalized coordinates/speeds (with non-zero entries), the differences are of the
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Figure 3. A three manipulator/appendage space free-flyer considered for the verification procedure.

same order for several other trials. Therefore, it can be concluded that the developed
SPACEMAPLE code is free of errors.

7. CONCLUSIONS

The general Lagrangian formulation was applied to obtain an explicit dynamics
model of a multiple manipulator SFFR, which is very useful for dynamics analyses,
design studies and the development of model-based control algorithms for such
complex systems. To model the system dynamics, mathematical analyses showed
the existence of three key type of terms and three different formats were developed
to apply on these. Separate calculations of the mass matrix, vector of non-linear
velocity terms and generalized forces were presented, and the obtained results were
assembled to obtain the dynamics model.

It was also shown that for a fixed-base manipulator, mass properties have a back-
ward propagation effect on the elements of the mass matrix and the vector of non-
linear velocity terms, while these elements are affected by the mass properties of all
links for a space manipulator. Therefore, any deviation in the estimation of mass
parameters has a more drastic effect on the performance of model-based control
algorithms in space. Computation of the obtained dynamics can be done either
by numerical or symbolical programming tools. It was shown that calculation of
each term for numerical programming usually divides into several branches, while
by means of the symbolical tools, each term can be analytically calculated. Also,
using different mathematical identities and factorization techniques, the result can
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be simplified to reduce the obtained analytical expressions. Therefore, derivation
of the dynamics equations has been programmed symbolically as SPACEMAPLE
for a general multiple-manipulator space robotic system with rigid elements. De-
veloping another simpler code and comparing the numerical results of the two in
numerous cases vigorously verified the code. Research institutes interested in ob-
taining SPACEMAPLE, should send their requests to the authors.
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APPENDIX: THREE FORMATS USED IN MATHEMATICAL ANALYSES

As discussed in Section 3, the system kinetic energy is composed of three typical
terms, which have to be differentiated according to (1). Differentiation of these
terms, is presented in this Appendix to obtain three formats as used in deriving the
system dynamics model.

Considering the first typical term, as given in (11a) and repeated here:

1
a; = —mr-r. 11a
=3 (11a)

Its differentiation with respect to ¢; as an arbitrary generalized speed is obtained as:

da; 81" .
— = . T (A.1)
8G | o0q
It should be noted that for the implementation of the following formulation, r has
to be differentiated in the inertial frame.! Then, i = dr/dt can be calculated as:

i i (A2)
s=1 8 '
which yields:
or ar
—_— = (A.3)
9gi 9gi
Substitution of (A.3) into (A.1) yields:
da, ar .
— =m— T, (A.4)
94gi 9gi

't r is not differentiated in the inertial frame, then:
F=Br+wp xr, (A.la)

where Br is time differentiation of r when expressed in a frame B which has an angular velocity of
wp with respect to the inertial frame, and can be computed as

N Byr Bor

B . .
=) —g,+ —. A.1b
r ; 2 4+ = ( )

Note that a left superscript on partial derivatives denotes the frame in which the differentiation has to
be taken. Therefore, unless Bar/dr = 0, it can be seen that:

B g5 B

d d
BLLL (A.lc)
0gs 0gs

which necessitates the condition of differentiating r in the inertial frame, for writing (A.2) and (A.3).
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which can be differentiated with respect to time, to obtain:
d [da; or . or
—|—)=m—  -r+m— -t (A.S)
dr \ 9q; ; ;
Also, a; can be differentiated with respect to ¢; as an arbitrary generalized
coordinate:

da, or . (A.6)
— =m— T. .
aq,- aq,
Therefore, based on (A.5) and (A.6), we can writte:
d/o d 0
_<$) IR (A7)
dr aq, aq, aq,

where r can be obtained as:
N N
. 0 or .\ . or
r= {_ (Z _QI> qs +8_ch} (A.8)
qs

Substitution of (A.8) into (A.7), and further simplifications, yield:
d <8a1) da, |: oar or or or ]
dr \ 9¢; g dq; 9qi 9q; 9qn

N N
or 9’r ar 32r
+|(m— E —.S oM — . E .S "
|: 3gi (le a%aqlq> 9q; (le aqsaq,vq >i|q

(A9)

which describes format-I, given as (12), where r has to be differentiated in the
inertial frame.
Next, considering the second term as given in (11b):

azzéw-l-w. (11b)
Its differentiation with respect to g; as an arbitrary generalized coordinate is:

8a2 0w

aa g
where  is differentiated in the body frame. Also, differentiation of a, with respect
to ¢; as an arbitrary generalized speed, is obtained as:?

(A.10)

8a2 0w
T =w- -, (A.11)
9Gi 0q;

2Considering (A.1a and b), since dw/dt = 0 and @ X w = 0, it is preferable to implement

all differentiations related to ap in an appropriate body frame. Therefore, angular velocity of any
individual body () is differentiated in the corresponding body frame, where I is a constant.
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which can be differentiated with respect to time, to obtain:

d<8a2)_. I 8w+ I d<8w) (A.12)
aw\ag, ) =¢ 9 Y W \ag ) '

Then, @ can be computed as:

-y {_qv 5qv} (A.13)

s=1 aqv

Also:

N N
d [ dw Pw 0w . ’w
s=1 s

94i 9¢idgs —  94i9q; —; 94:94;

Substitution of (A.13) and (A.14) into (A.12), and subtracting (A.10) from the
result, after further simplifications, yield:

d [day da, ow ow ow ow |.

dr \ 3¢, 9g; 9gi g1 0q; agn
0w 0w 9w 0w 0w
3G, g, 9g;dq,  9g; g
o1 92w ] . [ 1) (ALS)
o1 ——Ig-0-1.—, :
0qg;0qn 9g;

which describes format-II, given as (13), and can be considered as contribution of
the second term to the equations of motion. Note that @ is differentiated in a body
frame in which I is considered as a constant dyad.

Finally, considering the third typical term of the system kinetic energy as defined
in (11c¢):

=R, - Y myiy. (11¢)
k

Its differentiation with respect to ¢; is:

9 aR : 9
A <Z mkl"k) +Rg, - < mki> (A.16)
k k

g g, 3gi

and its differentiation with respect to g; can be obtained as:

da;  9R . 9
oas _ 3¢ (Z mkfk> +Re, - ( mkﬁ> (A.17)
k k

94 g, 3gi
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where all derivatives are computed in the inertial frame. Then, (A.17) can be
differentiated with respect to time, which yields:

d 8613 BRC aRC .
i (5) =T (Tmn) + 5 (Somen)

.. . r
+RC0 . < mk—) + l(c0 . < mk—), (A18)
k 8gl k aql

Therefore, subtracting (A.16) from (A.18) yields:

d 8613 8613 BRCO < al‘k)
—(=)-== § R — ). A.19
" < - ) < mkrk) + Rg, - ny 34 ( )

aq; aq,- aq; -

where ¥ and R¢, can be written in terms of generalized coordinates, and their
rates as given in (A.8). Substitution of these vectors by appropriate expressions and
further simplifications lead to:

d [ das das R¢, ory R¢, ory | ..
T < - ) |: Ek my _ k q

0g; 0g; g g1 dgi = gn
JR 0 JR 0
=+ CO. mki_co mkﬂ q
dqi " dqi  dqn T 0g
IR N9k IR
CO k . C()
_|- . my —Qs .
{ 9g; Xk: (; 9q104; ) 9gi
N
82rk .
X nmy qs
N N
82Rc . al‘k 82Rc
Yo )Y me— e | D —,
= 9919¢ — 0 = 9qn9q;
al‘k .
X Z mka_q- q, (A.20)

which describes format-1II given as (14), where R¢, and r; have to be differentiated
in the inertial frame.
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